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Abstract: Zero point quantum fluctuations as seen from non-inertial reference 
frames are of interest for several reasons. In particular, because phenomena 
such as Unruh radiation (acceleration radiation) and Hawking radiation (quan- 
tum leakage from a black hole ) depend intrinsically on both quantum zero-point 
fluctuations and some appropriate notion of an accelerating vacuum state, any 
experimental test of zero-point fluctuations in non-inertial frames is implicitly 
a test of the foundations of quantum field theory, and the Unruh and Hawking 
effects. 



To appear as a chapter in the hook Artificial Black Holes (World Scientific) 
edited by M. Novello, M. Visser, and G. Volovik. 
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0.1 Introduction 



Analog or not, the ultimate goal of the physics described in this book is to find 
clear evidence for gravitational and non-inertial vacuum radiation. Recognized 
as some of the most important paradigms of present-day theoretical physics, the 
Hawking and Unruh effects are (as yet) not much more than academic results 
which, because of the scales of the required energies/ accelerations/ masses, 
are not easy to implement in real laboratory experiments. Indeed, from the 
experimental standpoint, they might seem to be merely exotic interpretations 
for what could be explained by far more mundane physical effects in quantum 
electrodynamics, quantum optics, and hydrodynamics. 

As counterpoint, in the case of the Unruh effect the so-called detector method 
provides a well-defined radiation pattern that may be thought of as vacuum 
noise, and should be kept under consideration for possible experimental detec- 
tion in clean analog experiments. In this chapter, old results of Letaw on scalar 
vacuum radiation patterns are used to emphasize the radiometric nature of the 
various Frenet-Serret invariants for certain classes of "stationary" worldlines. 
This formalism is an extension of, and alternative to, the usual notion: that 
of adopting the thermal interpretation of the vacuum excitations as seen by a 
uniformly accelerated quantum detector (Unruh's interpretation). 

I focus next on the electromagnetic vacuum noise, surveying the Hacyan- 
Sarmicnto approach for calculating physical quantities in the electromagnetic 
vacuum. The application of this approach to circular worldlines led Mane to pro- 
pose the identification of Hacyan-Sarmicnto zero-point radiation with the ordi- 
nary synchrotron radiation; but here I provide some simple counter-arguments. 
I also briefly discuss Bell and Leinaas' proposal of considering electrons in stor- 
age rings as prototypes for an Unruh-DeWitt spin polarization detector. In the 
final section, I sketch the similarity between the Unruh effect and the so-called 
"anomalous Doppler effect" . A separate observation of the latter would mean a 
confirmation of the possibility of the first. 

0.2 Vacuum Field Noise — VFN 

The quantum vacuum field noise (VFN) |l| that is recorded by a detector moving 
along some classical trajectory will in general depend on that trajectory. For cer- 
tain restricted classes of worldline trajectories x^(s), most usefully parametrized 
in terms of proper time s, the observed power spectrum is stationary (time- 
independent). Experimental observation of the power spectrum of the vacuum 
field noise is then an important diagnostic tool that can be inverted to extract 
information about the form of the trajectory — specifically, the curvature invari- 
ants (Frcnct Scrrct invariants) of the worldline. As usual, I model an idealized 
detector as a simple two-level quantum system [usually known as an Unruh- 
DeWitt detector] . For scalar quantum field vacua there are six broad classes of 
trajectory that lead to stationary noise spectra. Basic results were derived by 
Letaw 0] some time ago, and are reviewed below. They might be of direct ex- 
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perimental interest in the acoustic analogy. On the other hand, one should also 
keep in mind that non-stationary vacuum noises are not completely beyond ex- 
perimental reach, and can be analyzed by related mathematical methods which 
I briefly comment on. 



0.2.1 The detector method in quantum field theory 

For the idealized Unruh-DeWitt detector, the interaction between the detector 
[endowed with a monopole moment Q(s) ] and the scalar field (f>(s) is described 
by 

Lint = A Q(s) <f>(s), (1) 

where <fi(s) = 4>(x(s)) is the field along the worldline of the detector and A is a 
small coupling constant that I re-scale to A = 1 (since it is not important for 
current considerations). Detecting particles in the Unruh-DeWitt apparatus 
requires one to adopt adiabatic switching appropriate for the perturbative ap- 
proach. At s = — oo, the detector is in the ground-state \Eo) and the field is in 
the Minkowski vacuum |0m). After the detector-field interaction is switched on, 
the detector would not remain in the state 1 \Eo), but would make a transition to 
\Ei). It is said that the detector "detects" some particles. Then, the transition 
amplitude for the detector field system to be found in \Ei,ip) at s = +oo is 
given by first-order perturbation theory as 



A = i(E 1 ,i) 



E o ,0m)- (2) 



ds Q{s) 4>(s) 

In order for first-order perturbation theory to apply one has to assume that the 
matrix element of Q is sufficiently small. On the other hand, from the time 
evolution of the operator Q in the Heisenberg picture 

Q(s) = e lH ° s ' h Q(0) e- lH ° s ' h 1 (3) 

where Hp is the detector Hamiltonian, one immediately obtains 

poo 

A = i{Ei\Q(0)\Eo) dse^- E ^/ n (V#(s)|0 M ). (4) 



After summation over all final states of the field 1^), the transition rate, i.e., 
the transition probability per unit proper time from Eq to E\ is 

d P 

— = \(E 1 \Q(0)\E )fS(u;) 7 (5) 
where uj = (E\ — E )/h and 

POO 

S(u) = d(s- s') e -' l ^ s - s "> g(s - s'). (6) 



The integrand g is the Minkowski vacuum expectation value of the autocorre- 
lation function (the Wightman function) 

g( S - S ') = (0 M \<f>(s)(t>(s')\0M). (7) 
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Thus, S looks like a response function (or power spectrum) and g as the "quan- 
tum noise" in the Minkowski vacuum along the worldline x(s). The peculiar 
feature of this argument is that the quantum detector performs an "up" tran- 
sition and at the same time sees ('emits') a 'radiation' spectrum. From the 
phenomenological point of view such a situation can also be encountered in the 
case of the anomalous Dopplcr effect (ADE) as has been remarked by Frolov 
and Ginzburg (see Section p.4| below). 

0.2.2 Six types of stationary scalar VFN 

In general, the scalar quantum field vacuum does not possess a stationary vac- 
uum excitation spectrum (abbreviated as SVES) for all types of classical rel- 
ativistic trajectories on which the Unruh-DeWitt detector could move. Nev- 
ertheless, linear uniform acceleration is not the only case with that property. 
This was shown by Letaw, who extended Unruh's considerations, obtaining six 
broad classes of worldlines with SVES for an Unruh-DeWitt monopole detec- 
tor (SVES-1 to SVES-6, sec below). The line of argument is the following: 
The Unruh-DeWitt detector is effectively immersed in a scalar bath of vac- 
uum fluctuations. Its rate of excitation is determined by the energy spectrum 
of the scalar bath, which can be expressed as the density of states times a 
cosine-Fourier transform of the Wightman correlation function of the scalar 
field. Since the Wightman function is directly expressed in terms of the inverse 
of the geodesic interval what one needs to calculate is a Fourier transform of the 
inverse of the geodesic interval J ds — j y ^dx 2 . Moreover, stationarity means 
that the Wightman function depends only on the proper time interval. 

As shown by Letaw, the stationary worldlines are solutions of some gener- 
alized Frenet-Serret (FS) equations on which the condition of constant curva- 
ture invariants is imposed. That is, one is interested in worldlines of constant 
curvature k, torsion t, and hyper-torsion (bi-torsion) v, respectively. These 
curvature invariants can be easily built from the tangent, normal, and binor- 
mal vectors and their derivatives. They have physical interpretation in terms of 
the observer's acceleration and angular velocities. Notice that one can employ 
other frameworks, such as the Newman-Pcnrosc spinor formalism as recently 
invoked by Unruh Q , but the Frenet-Serret framework is in overwhelming use 
throughout physics. It is worth remarking that before Letaw, the Frenet-Serret 
invariants have been discussed by Honig et al in their study of the motion of 
charged particles in homogeneous electromagnetic fields. Honig et al discovered 
an interesting connection with the two Lorentz invariants of the electromagnetic 
field, E 2 - H 2 and E ■ H: 

E 2 - H 2 oc k 2 - t 2 - v 2 , (8) 

E ■ H oc k v. (9) 

It is amusing to note that chirality (handedness) in the electromagnetic sense 
(E ■ H 0) is proportional to chirality in the worldline sense (nonzero hyper- 
torsion; v 7^ 0.) 
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The six stationary scalar VFN can be classified according to the curvature 
scalars of the corresponding worldlincs: 

1. k = t = v = — > inertial, uncurved worldlines (constant velocity). 



SVES-1 is a trivial cubic spectrum 

^) = 5r ( 10 ) 

This can be interpreted as a vacuum state of zero point energy E/2 per 
mode, with density of states E 2 /2tt 2 . 

2. k ^ 0, t = v = — > hyperbolic worldlines (constant rectilinear accelera- 
tion). 



SVES-2 is Planckian allowing the interpretation of k/2tt as 'thermody- 
namic' temperature. In the dimensionless variable e K ~ E/k the vacuum 
spectrum reads 

= 2^(A-1)- 

The physically observed spectrum would be a linear combination of SVES- 
1 and SVES-2. 

3. \k\ < |r|, v = 0, p 2 = r 2 — k 2 —> helical worldlines. 



SVES-3 is a complicated analytic function corresponding to the case 4 
below only in the limit n 3> p 

S 3 (e p ) K/ ^°° 5 4 (e K ). (12) 

Lctaw plotted the numerical integral ^(e^), where e p = E/p, for various 
values of k/ p. 

4. k = r, v = — > i/ie spatially projected worldlines are the "semicubical 
parabolas" , y oc k x 3 ^ 2 , containing a cusp (at x = 0) where the direc- 
tion of motion is reversed. 



SVES-4 is analytic, and since there are two equal curvature invariants 
(k = t) one can use the dimensionless energy variable e K = E/k 

S 4 (e K ) = -^-e- 2 ^. (13) 

It is worth noting that S4, being a monomial times an exponential, is 
rather close to the Wien spectrum Sw oc e 3 e _con8t - e . 
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5. |k| > |t|, v = 0, a = k — t — > £/ie spatially projected worldlines are cate- 
naries, curves of the type x = KCOsh(y/r). 

In general, SVES-5 cannot be found analytically. It is an intermediate 
case, which for r/er — ► tends to SVES-2, whereas for rja — ► oo tends 
toward SVES-4 

S 2 (e K ) a ^S 5 (e a ) T/ ^°S 4 (e K ). (14) 

6. v 7^ 0, ft and r arbitrary — > rotating worldlines uniformly accelerated nor- 
mal to their plane of rotation. 

SVES-6 forms a three-parameter set of curves. The corresponding trajec- 
tories are a superposition of the constant linearly accelerated motion and 
uniform circular motion. SVES-6 has not been calculated by Letaw, not 
even numerically. 

Thus, only the hyperbolic worldlines, having just one nonzero curvature 
invariant, allow for a Planckian SVES. Only that case allows for a strictly one- 
to-one mapping between the curvature invariant k and the 'thermodynamic' 
temperature in the celebrated form T\j = k/2t:. The vacuum field noise of 
semicubical parabolas can be fitted by a Wien-type spectrum, the radiomet- 
ric parameter then corresponding to both curvature and torsion. The other 
stationary cases, being nonanalytic, lead to the approximate determination of 
the curvature invariants defining locally the classical worldlinc on which the 
relativistic quantum detector moves. 

One very general and important statement regarding the universal nature of 
the kinematical Frenet-Serret parameters occurring in various important quan- 
tum field model problems can be formulated as follows: 

There exist accelerating classical trajectories (worldlines) on which 
moving ideal (two-level) quantum systems can detect the scalar vac- 
uum environment as a stationary quantum field vacuum noise with a 
spectrum directly related to the curvature invariants of the worldline, 
thus allowing for a radiometric interpretation of those invariants. 

According to these results, it seems more appropriate to replace the thermal 
interpretation of Unruh by the radiometric interpretation of the Frenet-Serret 
invariants. The latter is more general and describes in a more precise way the 
physical situation to which the Unruh effect refers, that of a quantum particle 
moving along a classical relativistic trajectory. 
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0.2.3 Explicit formulae for the spectra 

One can calculate the spectrum of vacuum field noise by means of the following 
general formula 



E 
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4^ [x^s) ~ x^O)} [x»(s) ~ xf (0)] 

(15) 

where x M (s) is an arbitrary point on the worldline and x^(0) is the initial point. 
The signature of the Minkowski metric is rj^ = (1,-1,-1,-1). I confirm 
Letaw's results by sketching the calculation of the integrals L, for the six sta- 
tionary cases. Simple details that have been skipped by Letaw can be found 
here. 

1. The recta. The worldline is x' J (s) = (s, 0,0,0); with initial condition 
2^(0) = (0, 0, 0, 0). The integral is 

+oo e — iEs 



Ii = / — — da. (16) 

J — oo s 

It can be evaluated by using Cauchy's residue theorem plus the expansion 
e -tBs _ ^ _ _|_ _y rp^ Q vame £ ths integral is ni(—iE) = ttE, 

and therefore one gets the cubic spectrum. This inertial zero-point cubic 
spectrum will appear in all the other five stationary spectra as an additive 
background and therefore one may take into account only the non-cubic 
contributions as a measure of non-inertial vacuum effects. 

2. The hyperbola. The worldline is x /i (s) = K _1 (sinh ks, cosh us, 0, 0); with 
the initial condition x M (0) = re _1 (0, 1, 0, 0). Now the integral is 

/+oo —ie K u 
2(coshu-l) 

Writing e~ le " u = cose K u — isine K u, one makes use of formula 3.983.3 at 
page 505 in the fourth edition of the Table of Gradshtcyn and Ryzhik 
(GR) to get 

f + °° cos(ax) , , . . 

/ — —dx = -Tracoth(Tra). (18) 

J Q cosh x — 1 

The sine integral can be evaluated using Cauchy's theorem 



sin(e K x)dx 
cosh x—1 



(19) 



Thus 



7T6 

-7re K coth(^e K ) + -j- (20) 

7T6 

ire K [1 - coth(7re re )] - -j- (21) 
- 2 -« ^37 - ( 22 ) 
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where the first term leads to the Planckian spectrum and the latter to the 
cubic zero-point contribution. 

3. The helix. The worldline is x fJ, (s) = p~ 2 {rps : Kcosps, Ksinps, 0); with 
initial condition ^(O) = p _2 (0, «, 0, 0). The integral reads 

r+°° e -«cp« 

13 = P / 7Z , T 2 du, (23) 

J-oo 2^- (cos it - 1) + ^u 2 



where 



2 2 

~ % = !• ( 24 ) 



According to Lctaw this integral is non-analytic and indeed I was not able 
to find any helpful formula in the GR Table. 

4. The semicubical parabola. 

The worldline is x >i (s) = (s + ^k 2 s 3 , ^ks 2 , g« 2 s 3 , 0); with initial condition 
3^(0) = (0,0,0,0). The integral reads 

+°o e -ie K u d u r+°° e -i^u dw 

u 2(i + 1 3_ u2 )= Kll - K J /_ oo (12+^)- (25) 

Of interest is only the second integral that can be found in the GR Table 
at page 359 

L*i = *_M (26) 

a 2 -fx 2 \a\ 
for a > and p real. Thus one gets 

- 71 ~-^». (27) 



(12 + u 2 ) Vl2 



The final result is 



e"^. (28) 



4tt 2 VT2 



Interestingly, for a horizontal storage ring (guiding magnetic field in the 
vertical z direction) the orbit in the moving frame can be approximated 
for laboratory times such that jluo \t | = 0(1) by the following semicubical 
parabola 



Ra\ /6 7 Vr 2/3 



27 2 / V Ro 



(29) 



where Rq is the instantaneous radius of curvature of a particle's arbitrary 
trajectory^] 



1 See Fig. 2 and Eq. 2 in 22 
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5. The catenary. 

The worldline is x fl (s) = o~ 2 {k sinhcrs, k coshers, res, 0); with initial con- 
dition x M (0) = er~ 2 (0, k, 0, 0). The integral is of the type 

f +co e- lt ' u du 

J-oo 2^(coshu - 1) - ^u 2 

2 2 

where ^ — ^ = — 1. This integral turns into I2 and -Z4 in the limits 
mentioned in the text, respectively, but again there is no helpful formula 
in the GR Table, and thus I5 appears to be non-analytic. 

6. The helicoid (helix of variable pitch). 

This is the most general case. The worldline is 

\ ri-tl-]- fill-]- 

^ r cos(i?_.s),^ r sin(i?_^; (31) 

while the initial condition reads .t m (0) = (0, , R ^ R , 0). I have de- 
fined: 

A 2 = i(i? 2 + K 2 + r 2 + ^ 2 ); (32) 

:>4 1 .,2 , _2 , 2\2 a.,22. 



R\ = x(i? 2 + K 2 -r 2 -^ 2 ); (34) 



R 1 = (k z + t z + v z ) z -Ak't 2 - (33) 
1 

R 2 _ = \^R 2 -n 2 + T 2 + u 2 ). (35) 
The following integral is obtained: 

— ^ 5 ■ (36) 

-oo 2(#-)2[cO S h(^«)-l]+2( 7 ^)3[cOs(%«)-l] 



This is the most complicated non-analytic stationary case, with no helpful 
formula in the GR Table. 



0.2.4 Non-stationary vacuum field noise 

Non-stationary vacuum field noise has a time-dependent spectral content re- 
quiring joint time and frequency information, i.e., one needs generalizations 
of the power spectrum concept. One can think of (i) tomographical process- 
ing and/or (ii) wavelet transforms. For instance, the recently proposed non- 
commutative tomography (NCT) transform M(s; fj,, v) || seems to be an at- 
tractive way of processing non-stationary signals. In the definition of A/, s is 
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just an arbitrary curve in the non-commutative time-frequency plane, while \i 
and v are parameters characterizing the curve. The most simple examples are 
the axes s = fit + vio, where fi and v are linear combination parameters. The 
non-commutative tomography transform is related to the Wigner-Ville quasi- 
distribution W(t, to) by an invertible transformation and has the following useful 
properties 

M(t; 1,0) = |/(t)| 2 , (37) 
M(«;0,1) = |/M| 2 , (38) 

where / is the analytic signal which is simulated by M. Furthermore, employing 
M leads to an enhanced detection of the presence of signals in noise which has a 
small signal-to-noise ratio. The latter property may be very useful in detecting 
VFNs, which are very small 'signals' with respect to more common noise sources. 

On the other hand, since in the quantum detector method the vacuum au- 
tocorrelation functions are the essential physical quantities, and since accord- 
ing to various fluctuation-dissipation theorems they are related to the linear 
(equilibrium) response functions to an initial condition/vacuum, the fluctuation- 
dissipation approach has been developed and promoted by Sciama and collabo- 
rators 0. In principle, the generalization of the fluctuation-dissipation theorem 
for some classes of out of equilibrium rclaxational systems, such as glasses, 
looks also promising for the case of non-stationary vacuum noise. One can use 
a so-called two-time fluctuation-dissipation ratio X(t,t') and write a modified 
fluctuation-dissipation relationship || 

T cS (t, t') R(t, t') = X(t, t') 9C ^f\ (39) 

where R is the response function and C the autocorrelation function. The 
fluctuation-dissipation ratio is employed to perform the separation of scales. 
Moreover, T e ff are timescale-dependent quantities, making them promising for 
relativistic VFNs, which correspond naturally to out of equilibrium conditions. 



0.3 Circular electromagnetic vacuum noise 
0.3.1 Introduction 

The circular electromagnetic vacuum noise, which in principle is more promising 
experimentally^ has been first discussed for specific purposes by Candelas and 
Deutsch, and by Bell and Leinaas. However, here we will pay more attention 
to the approach of Hacyan and Sarmiento (HS) Jl2j who in 1989 introduced a 
clear-cut and general method for calculating the main electromagnetic vacuum 

2 Rogers proposed to study the motion of a single electron in a Penning trap (geonium) to 
detect the circular electromagnetic vacuum noise. For two-level atoms in circular motion the 
reader is referred to Audretsch et al Old], whereas in the analog style approach Calogeracos 
and Volovik ]ll| ] considered the quasiparticle radiation from objects rotating in superfluid 
vacuum. 
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spectral quantities and applied it to the basic cases of linear acceleration and 
uniform rotation. In the latter case, they obtained a nonzero energy flux in the 
direction of motion of the detector. It was this result that prompted Mane Jl3j 
to suggest a connection with the synchrotron radiation. 

In principle, the circular vacuum noise power spectrum S c could be calcu- 
lated via the residue theorem, but the equation for the zeros of the denominator 
x 2 = v 2 sin 2 x (sec below) is not analytically solvable. Nevertheless, for v > 0.85 
one can expand the sine to find the zero with the smallest imaginary part, be- 
sides x = @. 



0.3.2 The Hacyan— Sarmiento approach 

Starting with the expression for the electromagnetic energy-momentum tensor 
Tpv = (4^ Q F« + VfiV F X0 F x ' 3 ) . (40) 

Hacyan-Sarmiento define the electromagnetic two-point Wightman functions as 
follows 

D+ (x,x') = - A {AF a (p (x) F v)a {x')+r,^ F X0 {x) F^(x')) ; (41) 

D- v {x,x') = D+ v {x',x). (42) 

This may be viewed as a variant of the "point-splitting" approach advocated by 
DeWitt. Moreover, because of the properties 

rTD^ = 0, D% = D^, d v D?=0, (43) 

the electromagnetic Wightman functions can be expressed in terms of the scalar 
Wightman functions as follows 

D± u (x,x , ) = cd fl d„D ± (x,x'), (44) 

where c is in general a real constant depending on the case under study. This 
shows that from the standpoint of their vacuum fluctuations the scalar and the 
electromagnetic fields are not so different. 

Now introduce sum and difference variables 

» = — ; ' = —• (45) 

Using the Fourier transforms of the Wightman functions 

/CO 
dae- lua D ± (s,cr), (46) 
-oo 

where u is the frequency of zero-point fields, the particle number density of the 
vacuum seen by the moving detector and the spectral vacuum energy density per 
mode are given by 

n(u;,s) = -^[D + (u;,s)-D-(u;,s)\, (47) 



11 



D + {uj,s) + D-(lu,s) . (48) 



de _ UJ 2 
da; 7T 

The most important application of these results is to a uniformly rotating detec- 
tor whose proper time is s and angular speed is luq in motion along the circular 
world line 

x a (s) = (7s, i?o cos(wos), Ro sin(wos), 0), (49) 

where i?o is the rotation radius in the inertial frame, 7 = (1 — u 2 )^ 1 / 2 , and 
v = luqRo/j. [] In this case there are two Killing vectors k a — (1,0,0,0) and 
m a (s) = (0, — i?o sin(wos), Ro cos(wos, 0). Expressing the Wightman functions 
in terms of these two Killing vectors, HS calculated the following physically 
observable spectral quantities (i.e., those obtained after subtracting the inertial 
zero-point field contributions): 



• The spectral energy density 

de 7 3 uj 2 + (jvluq) 2 v 3 w 2 



du 2tt 3 R 3 uj 2 w 2 + {2 1 v)'- 

• The spectral flux density 



hy(w), (50) 



dp _ 7 3 to 2 + (7^0) 



duj 2n 3 R 3 



4w 4 k 7 (w), (51) 



• The spectral stress density 

ds 7 3 lu 2 + (jvlu ) 2 v 3 w 2 



duj 2n 3 R 3 uo 2 w 2 + (2 1 v)'- 



j 7 (w). (52) 



Here (<jj 2 + (-fVLUo) 2 )/uj 2 is a density-of-states factor introduced for conve- 
nience and h 7 (w), k 7 (w), and j~f{w) are the following cosine- Fourier transforms 

, , s f°° ( N h (x,v) 3 2 1 2 v 2 \ , . , 

h^w) = / — — 2 - — + — — cos ( wx ) da; ; ( 53 ) 

Jo \7 F —v 2 sm x\ 6 x^ x A J 

fcrM = -T ( 2r 13 - 4 - ^) cos( W x) dx- (54) 

./o \7 F —v 2 sm x] 3 a; 6x z / 

, , f°° ( 1 1 2 7 2 v 2 \ . . 

M w ) = / "171 2 • 2 12 ~ "T + "T - ^ cos wx) da;. (55) 

Jo \7 F — V s sm %Y ar 3x z / 

The numerators Nh{x,v) and Nk(x,v) are given by 

N h (x,v) = (3 + v 2 )x 2 + (w 2 +3u 4 )sin 2 x-8u 2 xsinx; (56) 
Nk(x,v) = x 2 + v 2 sin 2 x — (1 + v 2 )xsinx. (57) 



3 This is correct for Galilean electromagnetism and works well at low velocities and/or in 
gradient index (lens) media. For full Lorentz covariant electrodynamics, one should use the 
Trocheris-Takeno nonlinear relationship v = tanh(cj_Ro/c). See, e.g., |E3|. 
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The employed variables are w = and x = ^rp. 

Of special interest are the ultra-relativistic and nonrelativistic limits. In the 
first case, 7>1, the quantities 

v^w 2 v^w 2 

(58) 

have the following scaling property 

X kl {kw) = k 3 X y (w), (59) 

where k is an arbitrary constant, and X = H,K,J. This is the same scaling 
property as that of a Planckian distribution with a temperature proportional to 
7- 

A detailed discussion of the nonrelativistic limit has been provided by Kim. 
Soh, and Yee who used the parameters v and woj and not acceleration and 
speed as used by Letaw and Pfautsch for the circular scalar case |l7j |. They 
obtained a series expansion in velocity 



de 



y — — F(-i) fe 



7<x> 2n + 1 ^— J k\ (2n — k)\ \ 7W0 



J M\n-k I 

! V 7^0 J 

(60) 

where H is the usual Hcavyside step function. Thus, to a specified power of the 
velocity many vacuum harmonics could contribute; making the energy density 
spectrum quasi-continuous. 

0.3.3 Synchrotron radiation as electromagnetic vacuum 
fluctuations ? 

In 1991, Mane used the Hacyan-Sarmiento formula for the energy flux to argue 
that its time component is related to the synchrotron radiation. The Hacyan- 
Sarmiento Poynting flux is directed along the Lorentz boost from the laboratory 
frame to the rest frame of the observer, which is taken as the y axis. It can be 
written 

1 h^uiyV 
lUOn 2 

Note that p y is proportional to h and therefore becomes zero in the classical 
limit. However, for electrons which couple to this flux via the fine structure 
constant a = e 2 /hc, the radiation effect looks totally classical. The recoil 
induced by the flux of the vacuum fluctuations on the four-momentum of the 
particle per unit proper time is 

2 4 2 

e 7 wiv 

aAp y ex 1 , (62) 

where A « RqC 2 / (v 2 -/ 4 ) is the transverse interaction area between the electron 
and the electromagnetic field. In the laboratory frame, the energy loss of the 



^ = ^^(50-477-). (61) 
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particle per unit laboratory time is given by the Larmor formula 



I = - e -tftu v) 2 . (63) 

This is related to the damping force F in the form I = F ■ v and therefore 
the recoil induced by synchrotron radiation on the four-momentum of the par- 
ticle per unit proper time is again proportional to e 2 7 4 WQi>/c 3 as in Eq. (|62|). 
Therefore, the order of magnitude of the recoil of the particle induced by the a 
coupling to the vacuum flux is equal to that derived by the Larmor formula in 
the ultra-relativistic limit. 

If one goes as far as accepting the idea that synchrotron radiation is due 
to noninertial electromagnetic vacuum fluctuations, one should reproduce in 
this approach all the many basic features of the synchrotron radiation that 
are known from both theory and measurements at storage rings. Recall, for 
example, that the Schwinger spectral intensity of the magneto-bremsstrahlung 
in the synchrotron regime (T^j is proportional to the so-called shape function 

W u oc F (—) , (64) 

where uj m is given in terms of the cyclotron radian frequency u> c as u> m = w c 7 3 , 
and the shape function F is given by 

n.Pi r°° 

F (0 = ^C J K 5/3 (z)dz, (65) 

where K is the MacDonald (modified Bcssel) function of the quoted fractional 
order. The small and large asymptotic limits of the synchrotron shape function 
are as follows 

F(C< 1) « 1.33 C 1/3 , (66) 

and 

F(( > 1) « 0.78 C 1/2 e~ c , (67) 

with a maximum (amount of radiation) to be found at the frequency w m /3. An 
examination of the Hacyan-Sarmiento asymptotic limits shows that there are 
clear differences between the Hacyan-Sarmiento and synchrotron energy den- 
sity spectrum. Neither of the two limits coincide, neither the Hacyan-Sarmiento 
spectrum divided in two equal parts by its peak frequency as in the case of syn- 
chrotron radiation. Moreover, the well-defined polarization state of synchrotron 
radiation that can be calculated in closed form in terms of the squares of Bessel 
Ki/ 3 and K 2 /3 functions in electrodynamics would prove really difficult to ob- 
tain in the vacuum approach. Finally, an expansion in velocity powers of the 



synchrotron radiation does not coincide with that in Eq. (60). In the opinion of 
the author, the circular electromagnetic vacuum noise should be considered as 
only a radiation signal embedded in the synchrotron radiation background. 
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0.3.4 Electron beam polarization at storage rings: 

Spin flip synchrotron radiation versus circular elec- 
tromagnetic vacuum noise 

Electromagnetic circular vacuum noise is interesting not only because of the 
Hacyan-Sarmiento results and Mane's suggestion but also as being responsible, 
according to Bell and Leinaas jlij, for the electron depolarization at storage 
rings. This famous proposal was put under intense focus in 1998 at the Mon- 
terey conference organized by Pisin Chen, where one of the most authoritative 
contrarians, Professor J.D. Jackson declared pj| : 

Avoid the indiscriminate appeal to Unruh in order to "understand" 
something amenable to a simpler explanation. 

The following is a brief introduction to this problem. It has been included here 
as an illustration of the confrontation of theoretical ideas with the experimen- 
tal market; a confrontation eagerly awaited for the attractive analog proposals 
presented in this book. 

The Bcll-Lcinaas proposal relies on the spin degree of freedom of the electron 
in an external magnetic field Bq along the z axis. The spin may be thought 
to have two (quasi)stationary states corresponding to a z = ±1, with an energy 
splitting A = 2|/i| \Bq\. This approximation is valid when a second term in 
the effective spin-field interaction Hamiltonian, due to the so-called Thomas 
precession, is not included. Thus, the electron looks in a first approximation 
like an Unruh-DeWitt detector. The transitions between the two spin states 
induced by the radiation field are then written in terms of first-order time- 
dependent perturbation theory, and a thermal ratio is obtained as if produced 
by the equilibrium ratio of populations of the upper and lower levels. The effect 
of the Thomas precession term in the effective Hamiltonian does not alter the 
shape of the polarization curve, and only shifts it horizontally when plotted as 
a function of the magnetic moment. 

However, there is a simple quantum electrodynamical explanation of the 
polarization effect at storage rings in terms of the so called spin-flip synchrotron 
radiation that has been proposed by Sokolov and Ternov in 1963 [^l). The 
spin-flip radiated power is very small with respect to the ordinary synchrotron 
radiation, becoming of the same order only at j s f = (mcRo/h) 1 / 2 , which for a 
common storage ring is around 7 « 6 x 10 6 . This is more than two orders of 
magnitude higher than the actual 7 < 10 4 of electrons in current storage rings 
leading to a spin-flip radiated power representing only 10~ n of the usual (non 
spin-flip) synchrotron emitted power. It is only because the spin flip accumulates 
over a time scale of tens of minutes to a few hours that one gets the observed 
asymptotic polarization Pn m = 8/5^3 = 0.924. 

It is either this non-stationarity of the spin-flip synchrotron radiation, or 
the fact that the orbiting electrons are actually more complicated interacting 
systems than simple Unruh-DeWitt detectors, that lead only to frequency- 
dependent effective temperatures, which in the opinion of accelerator people 
are not useful parameters. 
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The description of radiative polarization in terms of spin levels came under 
the scrutiny of Professor Jackson long ago p^ |. He showed that the spacing 
between orbital levels is very small compared to the magnetic dipole Ml tran- 
sition energy, and therefore the Ml transition will involve some changes in the 
orbital quantum number. In 1973, Derbenev and Kondratenko |23| obtained, in 
a quasi-classical approach, a formula for the equilibrium polarization in which 
spin-orbit effects are included through a spin-orbit coupling function. Their 
formula is considered to be the standard result for the transverse polarization 
at storage rings. According to the Derbenev-Kondratenko formula, for the 
range < g < 1.2 one of the levels is preferentially populated with respect to 
the other one. This effect cannot be reproduced in the Bell-Leinaas approach 
without resorting to time-dependent couplings and frequency-dependent 'tem- 
peratures' Q. In 1987, Bell and Leinaas published a more detailed analysis 
of their proposal, in which (still assuming a thermal spectrum of the spin ex- 
citations) they took into account the fluctuations in the orbital motion. They 
obtained a polarization formula rather close to the standard one with some dif- 
ferences only close to a narrow depolarizing resonance. The claim is that when 
passing through the resonance the polarization falls from 92% to -17% followed 
by an increase to 99% before settling again to 92%. 

Thus, the confirmation of their calculation, and of the thermal vacuum bath, 
as opposed to the Sokolov-Ternov limiting polarization would require precise 
experimental measurements of a transient passing through a depolarizing reso- 
nance, an experiment that is still to be performed. 



0.4 Unruh effect versus anomalous Doppler ef- 
fect 

The concept of the anomalous Doppler effect (ADE) was introduced in classi- 
cal electrodynamics by Frank in 1942 [^6). ADE refers to the waves emitted 
within the Chcrenkov cone by a "superluminal" oscillator moving in a refrac- 
tive medium. (Frank's example is an electric dipole harmonically oscillating at 
angular frequency f2.) By definition, these waves exhibit an anomalous Doppler 
shift in the sense that their frequencies (with respect to f2) have a negative 
Doppler directivity factor D (see below) and are given by loade = 0/-D. In the 
quantum version of this phenomenon, as discussed by Frolov and Ginzburg, one 
uses the energy-momentum conservation law for massless Bose radiation from 
a superluminal two-level detector to get the energy formula (pS) below. 



As we have already mentioned in Section (0.2.1), when studied with the 
detector method the Unruh effect for a detector with internal degrees of freedom 
is in some ways very similar to this anomalous Doppler effect (ADE), since in 
both cases the quantum detector is radiating 'photons' while passing into the 
upper level and not on the lower one || (see Fig.|l|). 

This is refrained in the well-known conclusion of Unruh and Wald ]24| when 
they considered the uniformly accelerated quantum detector looked upon from 
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Figure 1: The normal and anomalous Doppler effects and the corresponding 
transitions. 



the inertial reference frame: 

When the observer places himself in an inertial reference frame then 
he is able to observe both the excited quantum detector (furnishing at 
the same time energy to it) and the 'photons'. By writing down the 
energy-momentum conservation law he will be inclined to say that 
the 'photons ' are emitted precisely when the detector is excited. 

Neglecting recoil, absorption, and dispersion (a completely ideal case) the ele- 
mentary radiation events for a two-level detector with the change of the detector 
proper energy denoted by 5e are classified according to the photon energy for- 



where 7 is the relativistic velocity factor (7 > 1) and D is the Doppler directivity 
factor 



The discussion of signs in Eq. (j^) implies 3 cases as follows: 

1. D> for normal Doppler effect (NDE, 8e < 0, 6 > 6 C ) 

2. D = for Cherenkov effect (CE, Se = 0, undetermined case, 8 = 9 C ) 

3. D< for anomalous Doppler effect (ADE, 5e > 0, 6 < 9 C ). 



mula I 




(68) 




(69) 



17 



Consequently, for a quantum system endowed with internal degrees of freedom 
the stationary population of levels is determined by the probability of radiation 
in the ADE and NDE regions. The possibility of inducing population inversion 
by means of the ADE has been extensively discussed in the literature since a 
long time ago p5fl . 

Bolotovsky and Bykov [^7j have studied the space-time properties of ADE in 
the simple case of a supcrluminal dipole (v > c/n) propagating in uniform rec- 
tilinear motion in a non-dispersive medium. These authors claim a positive the- 
oretical result with regard to the separate observation of the ADE phenomenon 
for this case. It is not, unfortunately, a realistic case and requires a special equa- 
tion of motion of the dipole. Theoretical and experimental investigations of the 
possible manifestation of ADE in dispersive and/or lens media is an important 
task for the future. 

A direct experimental evidence of ADE would be highly valuable as being 
equivalent to a test of the Unruh effect. The acoustic ADE is another challenge 
for the future j|§. 

0.5 Summary 

As is the case for all claimed quantum vacuum effects (including the mechanical 
Casimir effect), the stationary radiative spectra surveyed in this chapter can 
be attributed equally well to radiation reaction fields, i.e., to solutions of the 
inhomogeneous Klein-Gordon or Maxwell equations evaluated at the source p9[ . 
However, the main point we want to emphasize is different, namely: These 
radiation patterns (if they really exist — remember the calculations are all 
performed in first-order perturbation theory, or in order a for electrodynamic 
radiation reaction fields) can be used to extract radiometric information related 
to the Frenet-Serret geometric invariants of the trajectories of the relativistic 
corpusculcs. 

Finally, we emphasise that over the last few years the physics community 
has become aware of many interesting similarities/analogies between the Hawk- 
ing/Unruh effects and shock-type effects in material media. A very promising 
line of research could be the study of the Cherenkov effect, and the associ- 
ated anomalous and normal Doppler effects of relativistic dipoles propagating 
in strongly dispersive substances. Potentially realistic laboratory configurations 
for examining these effects are, for example, Cherenkov- type experiments with 
bunches of electric dipoles (polarization pulses) created by femtosecond optical 
pulses in electro-optic materials (3tj|. In addition, radiation from vortices in 
two-dimensional annular Josephson junctions ]3l| , or even from other 'relativis- 
tic' defects in condensed-matter physics should be taken into account from the 
perspective of this book. 

Acknowledgements: The author would like to thank the organizers of the 
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